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ON THE HOMOLOGY AND FIBER CONE OF IDEALS 



CLARE D'CRUZ 



Abstract. In this paper we give a unified approach for several results concerning the fiber cone. 

P-l' 

Our novel ideal is to use the complex C(Xk,J-i 1} i 2) (l,n)). We improve earlier results obtained by 



several researchers and get some new results. We give a more general definition of ideals of minimal 
CO ■ multiplicity and of ideals of almost minimal multiplicity. We also compute the Hilbert series of the 

fiber cone for these ideals. 

< 

+-> 

1. Introduction 

Throughout this paper we will assume that (R, m) is a local ring of positive dimension d and infinite 
^ \ residue field. The associated graded ring G(I) := © n >o/ n //" +1 has been investigated in detail by several 
■ researchers. In the last two decades the fiber cone F(I) := © n >o/ n /mI n has been of interest. Let I\ and 
^ ' I2 be ideals in (R,m). We call F^fa) := ©n>o^2 /A^2 tne ^ rjer cone of I2 with respect to I\. Since 
G(I) = Fj(I), it is of interest to know how the properties of these two rings are related. Several recent 
papers on the fiber cone do imply that it is possible to extend the results known for the associated graded 
j> ' ring to the fiber one. 

X' 

We begin by recalling a few results on G(m). Let (R, m) be a Cohen-Macaulay ring. Sally showed that 
if m is an ideal with minimal multiplicity, then G(m) is Cohen-Macaulay and the corresponding Hilbert 
function £(m n /m™ +1 ) can be explicitly described ( HS11D . She conjectured that if m is an ideal with almost 
minimal multiplicity, then G7(m) has almost maximal depth ( HS21D . Her conjecture was settled independently 
by Rossi and Valla in MRoVll and by Wang in (W). Sally's work has been generalized in various directions. 



Goto gave a more general definition of ideals of minimal multiplicity 0. Inspired by his work, Jayan- 
than and Verma defined ideals of minimal multiplicity and ideals of almost minimal multiplicity in the case 
when 1\ and I2 are m-primary ideals satisfying I2 Cj I\ ( HJV1II , IUV2ID . They studied the fiber cone of 
these ideals in great detail. They generalized Sally's conjecture to ideals of almost minimal multiplicity and 

showed that if the depth of Gfa) is at least d — 2, then the depth of Fj 1 (I2) is atleast d — 1. In this paper, 
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we define ideals of minimal multiplicity and ideals of almost minimal multiplicity for any two m-primary 
ideals (Definition 13. 1[ Lemma [3T2T >. 

We take a new approach in this paper. Let 1 < k < d and let := x\, . . . , Xk a system of parameters 
in i~2- The complex C(xfc, Ti 2 , (0, n)) has been studied in MGull and [HM] in connection with the proper- 
ties of the associated graded ring G(I). They showed that vanishing of the complex C(xfc, Ti x -j 2 , (i, n)) 
determines depth((xfc)*, G(I)), where x* denotes the image of Xi in I /I 2 . Associated to the /2-filtration 
•Fh\h = {^1^2 Inez, we have the complex C(xfc,^r i; / 2 , (l,n)) (defined in Section©. The correspond- 
ing graded ring Gi^h) ■= R/h ® ®n>i{^h;i 2 )n-i/ {^h;i 2 )n has been studied in |RoV2ll . Note that 
G(I) = Gr(I)[1]. When (x^) C J 1; we consider the truncated complex D(xi c ,J : i 1 .j 2 , (i,n)) and one can 
verify that i3(x£, J7 i; / 2 , (0, n)) = C(xk,J r i 1 -j 2 , (0,n)). For any element x G /2, let x° denote the image 
of x in h/hh- In this paper, we use the complexes Z?(xfc, J r i 1 -i 2 , (i,n)) (i=0,l) and the Koszul com- 
plex K(xfc°, F/ x (l2))(n) to investigate the relation between the properties of the three graded rings Gfa), 
Gi ± (h) and F[ 1 (J2). As a consequence, we obtain interesting information on the fiber cone. 

Huneke's fundamental lemma ( liHunj Lemma 2.4]) was extended to the filtration J r i li i 2 for m-primary 
ideals I2 C I\ in a two dimensional Cohen-Macaulay local ring ( HJV21 Proposition 2.5]). In this paper, 
using the complex D(x^, J/ i; / 2 , (1, n)) we extend this result to any two m-primary ideals I2 Q Jj in a 
Cohen-Macaulay local ring of dimension d > 1 (Theorem 15 .3 1 ). As a consequence we are able to describe 
the HUbert coefficients of the Hilbert polynomial associated to the function i^R/IiIQ) which we denote by 
9i.h (I2) (0 < i < ^) (Lemma [5. 41 ). A lower bound for gu 1 (I2) was given in IIJV1[ Proposition 4. 1] under 
some assumptions on I2 C Ji. In this paper, we improve their bound. We also give an upper bound for 
gijAH)- As a consequence, we show that when the lower bound is attained Gj^^) is Cohen-Macaulay 
and when the upper bound is attained depth Gj 1 (I2) > d — 1 (Proposition l5.6l ). 

We describe the Hilbert coefficients of the fiber cone F^fa), fij^h), < i < d — 1 (Lemma I6.31 ). 
The multiplicity of the fiber cone is of interest. An upper bound for the multiplicity was given in HCPVl 
and in HJV1II for I\ = m. Using the complex D(xd, J r i 1 j 2 , (1, n)) (n = 1) obtain an upper bound for the 
multiplicity in a more general setting (Corollary 16-41 . We also give a lower bound on the multiplicity of 
the fiber cone. In HCPVl the authors remark that when the upper bound is attained the fiber cone need not 
be Cohen-Macaulay. We make an interesting observation. We show that when the upper bound is attained 
then depth((xd),Gj 1 (/2)) = d and when the lower bound is attained, depth((xd), G^fo)) > d — 1 
(Corollary 1531 
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One interesting question is: How is the depth of the fiber cone and the associated graded ring related? 
We give an answer to this question using homological methods. For ideals of minimal multiplicity and 
almost minimal multiplicity most of the homologies H{ (C(x<2 (1, n))) = vanish giving a nice relation 
between the depth of G(h) and F Il (I 2 ) (Theorem |4~3l 

We now describe the organization of this paper. In Section |2] we define the C(xfc, J r j 1 -j 2 , (l,n)) and 
D(xfc, J r j 1 -j 2 , (1, n)). We describe some interesting properties of these complexes. In Section[3]we define 
ideals with minimal multiplicity and ideals with almost minimal multiplicity in terms of the homologies 
of C(xfc, J r i 1 -j 2 , (1, n)). In Section |4] we compare the depths of the graded rings F^fa), G^fa) and 
G{l2). In Section[5]we describe the Hilbert coefficients of i{R/I\I^). We also state a more general form 
of the Huneke's Fundamental Lemma. In Section [6] we describe the Hilbert coefficients of the fiber cone. 
In Section |7] we describe Hilbert coefficients of £(R/IiI%) and of the fiber cone for ideals of minimal 
multiplicity and ideals of almost minimal multiplicity. 



2. The complex C(xfc, J/ i; / 2 , (1, n)), D(xfc, 7> i; / 2 , (1, n)) and Hilbert function 

For any two ideals I\ and I2 of R, let Ti 2 (resp. Fi 1 -j 2 ) be the /2-fihration {1% Inez (resp. {IxIQ Inez)- 
We use the following convention: For any ideal /, I n = R if n < 0. Let k > 1 and x& := x±, . . . , Xk be 
a sequence of elements in I2. Using the mapping cone construction, Marley and Huckaba constructed the 
following complex [HM]: 

R ( R / R \G) R 



(1) C ( Xk ,T l2 ,(0,n)):0^— k ^...^^—) -+ ■ ■ ■ -+ j - -> 0. 

In a similar way, for the filtration J r i 1 j 2 , we get the following complex: 



(2) Ch,^,(l,n)):0^^^...^^, j ^-^iT^rJ 

The maps in £[]) and (O are induced by the Koszul complex if.(xfc; R). Corresponding to the short exact 
sequence © we have the short exact sequence of complexes: 

0->C(x fe _i, JFr^Cl.n)) -> C*(x fc , J> i; / 2 , (1, n)) -> C(x fc _i, JV i; / 2 , (1, n - 1))[-1] -> 

and the corresponding long exact sequence of homologies: 

► ^(CCxfc,^;!,,^^)))-*- Hi_i(C(x fc _i,J> i; i 2 ,(l,n-l))) 

(3) -►#i-i(<7(xfc_i,Jv li / a ,(l,n)))-> H i _ 1 (C(x fe) .F/ i; / 2 ,(l,n))) -»• .... 
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Lemma 2.1. Let k > 2 and n < k. If (x k ) C then for all i — 1 > n, 

H i (C(x k ,F h . h ,(l,n)))= . 

Proof. If n < k and (x^) C Ii, then for all i > n + 1 all the maps in the complex (|2|) are zero. □ 

Using Lemma [2~T| when (x*.) C J 1; we can truncate the complex C(x k ,Tj 1 -j 2 , (l,n)) to get the 
complex D(x k , J r i 1 j 2 , (l,n)) where: 
(4) 

D(x fe ,7- /i;/2 ,(l,n)): 0^(ii) (:) ^...^( 7 ^) (:) ^...^( 7r |^) O ^ 7 ^^0, n < fc; 

J? ^ . . . _i. ( R ^ ^ .... .fRj\® ,R 



By our construction, Hi(D(x k ,Tj 1 -j 2 , (l,n))) = for i > n. In this section, we will show that the 
complex @ and the complex (fl]) do share some similar properties. 

We recall some basic facts and results. We say that an element x £ I2 is superficial for I2 and 
I\ if there exists a positive integer ro such that for all r > ro and all s > 0, xi? fl Jf/J = x ^i^2~ 1 - 
Let k > 2. We say that x^ is a superficial sequence if for each i = 1, . . . , k, x~i G I2 is superficial for 
-Z2 and ii where ~ denotes the image in R/{x\, . . . , Xj_i). Rees also showed that we can choose a 
minimal reduction (x^) € I2 which is superficial sequence for I2 and I\ |Rej . Hence, we can assume 
that (xfc) is a minimal reduction of I2 and is generated by a superficial sequence for I2 and Ji. 

As the homologies of C(xfc, J 7 i 1 -i 2 , (1, n)) and D(x. k , Jv i; / 2 , (1, n)) can be computed using tech- 
niques similar to those in |Guj . with slight modification, we state the theorem without proof. 



Theorem 2.2. Let k > 1 and Ze£ x^ £ I2 be a superficial sequence for I2 and I\. Then 

R 



[1) For all n£Z, H (C(x k ,F Il]Ia ,(l,n))) 



Let (xd) C h. Then H (D(x k ,F IliJa ,(l,n))) 



hl% + (x fc ) ' 

H (C(x k ,T Ii;l2 ,(l,n))) forn>0, 
for n < 0. 

:x fc ) n hi? 



(2) Let Xfc 6e a regular sequence. Then for all n>2, Hi(C(x k , J r j 1 -j 2 , (l,n))) ' 

, (x, fffi forn>l, 
Let (xd) C A. T/ien fTi(£)(x fc , J> i; / 2 , (1, n))) = { x ^ 

for n < 1. 



(x fc )/i/ 2 " 



n-l - 
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jn— fe+1 . 



(3) For all neZ, H k (C(x k , F h . l2 , (l,n))) - 1 2 ; fc k 



Lei (x fe ) C Jj. r/ien H k (D(x k , J/ i; / 2 , (l,n))) 



H k (C(x k , Jj i; / 2 , (l,n))) forn>k, 
/or n < k 



The depth of the graded ring G^il?) and the vanishing of the homologies of the complex 
D(x k , Jvu/j,, (1, ra)) are related as follows: 

Proposition 2.3. Lei I2 C 6e m-primary ideals in (R,m). Assume that (x k ) is a superficial 
sequence for I2 and I\ and that (x k ) C ij. For i/ie filtration Ti x -j 2 , 

depth((x fc )*,G/ 1 (J 2 )) = min{F 3 -_fc(jD(x fc) J> i; 7 2 , (l,n))) / /or some n}. 

Proof. The proof is similar to the proof of Proposition 3.3 of [HMj. □ 

In the next lemma we show that the complex D(x k , J : j 1 -j 2 , (1, n)) satisfies a certain rigidity similar 
to that of the complex C(x k , Ti 2 , (0,n)). 

Lemma 2.4. Lei Ii,i2 and x^ be as in Proposition \2.3l If Hj(D(x k , J r j 1 -j 2 , (l,n))) = for some 
j > 1 and for all n, then Hi(D(x k , J~i^i 2 , (1, n))) = /or aW i > j and /or aZZ re. 

Proof. The proof follows by induction on fc. □ 
We state a crucial property satisfied by C(x k , Ti x -j 3 , (l,re)) and D{x. k ,Ti x j 2 , 

Lemma 2.5. Lei 1 < j < fc. Lei x& £ I2 be a regular sequence in R which is superficial for I2 and 
I x . Then for aZZ n » we have Hi(C(x k , J r Il -j 2 , (l,n))) = Lfj(L)(x fc , J> i; j 2 , (l,re))) = 0. 

Proof. Note that for re ^> 0, Hi(C(x k ,J r j 1 j 2 , (l,n))) = Hi(D(x k , Ti u i 2 , (l,n))). The proof follows 
by applying induction on k for the complex D(x k ,J r j 1 .j 2 , (l,n)). □ 



Notation 2.6. 

hi(C.,x k )(l,n) 
hi(D.,x k )(l,n) 
hi(C.,x k )(l,*) 



£(Hi(C(ic k ,T IliIa ,(l,n)))). hi(C.,x k )(0,n) 
£(^(£>(x fe) J> i;j r 2 ,(l,n)))). hi(D.,x k )(l,*) 
Enez /l i(C" x fe)( 1 ; ri )- /li(L>.,X fc )(l,*) 



n^(C7(x fc ,J> 2 ,(0,n)))) 
En>0^(- D »i x *)( 1 » n )- 

E„> /l »(- D " x fc)( 1 ' n )- 
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Theorem 2.7. Let (R,m) be a local ring. Let L\ and L2 be m-primary ideals of R. Let k > 1 and 

Xfc be a regular sequence which is superficial for L2 and I\. Let i > 1. If (x&) C then 

(5) ^(-l)^%(I}.,x fc )(l,*)>0. 

j>i 

Equality holds if and only if 

depth((x fc )*,G /l (/ 2 )) > k-i + l. 

Proof. The proof is similar to the proof of Theorem 3.7 of [HMj , □ 
Notation 2.8. 



( 

R 



(6) H Tli , 2 (l,n) := llfy) H> (l,n) := 



ifn<0. 



We now give a relation between the homology modules and the Hilbert function , t (l,n). 

Lemma 2.9. Lei (i?, m) be a Cohen- Macaulay ring of dimension d > 2. Lei /1 and / 2 be an 
m-primary ideals of R and (x^) £ I2 a minimal reduction which is a superficial sequence for I2 and 
h- 

(1) For all n>2, 

(7) J>iy Q H Tlul2 (1, n - i) = e (/ 2 ) - t ( ^fn-i ) + E(-1)%(C x d )(l, n). 

(2) ZeJ (x d ) C I 1 . The for all n G Z, 

(8) f f) ^ (1, n - <) = e (J 2 ) - £ (-Jg?) + ^(-1)%(D., x d )(l, n). 



Proof. Prom Theorem 12.21 for all n > 2, 
fro(C.,x d )(l,n) - /ii(C.,x d )(l,n) 



i? \ ./ (xd)n/ii? 



_R_ 

(9) = e (J 2 )- 



/ii? + (xd) \ / (x d )ni 2 " 



For the complex Z?(x&, Jv i; / 2 , (l,n)), ([9]) holds true for all n G Z. □ 
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Lemma [2,10l gives us insight for the behaviour of homology modules for the complex C(x^, J~i 1 -i 2 , (1, 
for n < 0. 

Lemma 2.10. Let I\ and I2 be m-primary ideals in a Cohen- Macaulay local ring R. Let be a 
superficial sequence in R. 

k 

/ l ■ \ 

n — i) = 0. 



1) Forn<0, J](-l) 1 h(C., x fe )(L 

2) We have a surjective map: 

R\ k (xfc) 



(10) 

(3) Let2>i>k. Then 



h) /i(x fc ) 



k 

^(-l) J ^(C7.,x fe )(l,l)-Q^|) <0 



1=2 

Let k = d, then equality holds if and only if (x^) C 1^. Moreover if equality holds, then the 
map (ft in is an isomorphism. 

Proof. For n < 0, the complex ([2]) is of the form 

R {R\® fR\® R 



Hence 



k k 

£(-!)< (*) hiiC, x fc )(i, „ - i) = £(-!)< / (|) = 0. 



i=0 v 7 i=0 

This proves ([1]). 



([2]) was proved in |JV2t Lemma 3.4]. 

We prove ©. The first part of © follows from the fact that h^C., x fc )(l, 1) < ( ( 7~ ) • We 



have 

(11) « (t^T ) - ( 



^) + § ( -<)(i; 

(£)-'® + 5<-<)® *■ 



i=2 

e(xd) - £ C ty^t) +53(-l) i /j i (C.,x ( ,)(l,l) [putting n = 1 in Theorem ESfl)]. 
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If (xrf) C Ii, then equality holds by Lemma l2.1i Conversely, suppose equality holds in (jlip . then 
^(C.,x d )(l,l) = (j £ (f) for alH = 2,...,d. 

In particular, 

This implies that I\ : (x^) = R. 



Finally, if equality holds, in (fTT|) . then d t ( = & ( j^xl) ) anc ^ nence the map in is an 
isomorphism. □ 

Remark 2.11. If (x^) <2 A, i/ien X^=2( — -0* [^«(C«> x d)(l) 1) —^(R/h)] may be non-zero (Exam- 
ple \KM) . 

Example 2.12. Let R = k[x,y, z] m , where m = (x,y,z). Let I2 = (x 3 , y 3 , z 3 , xy, xz,yz) and 
(X3) = (x 3 + yz, y 3 + z 3 + xz, xz + xy). Let n > 4 and ii = (x™, y 3 , z 3 , xy, xz, yz). Here (X3) is 
generated by a superficial sequence and (X3) $Z ix- ^ e map in U0\) is not an isomorphism. □ 



3. Minimal and almost minimal multiplicity and vanishing results 



Goto [G] defined ideals of minimal multiplicity. Following Goto, Jayanthan and Verma defined 
ideals of minimal (resp. almost minimal) multiplicity in [JVlj (resp. |JV2j ) when I2 Q I\. In this 
paper, we generalize these definitions for any two m-primary ideals I2 and I\. We also show that, 
under some mild assumptions, the homologies of the complex C(xfc, J-i i; i 2 , (l,n)) for these ideals 
have nice vanishing properties. 

Definition 3.1. Let (R,xn) be a Cohen- Macaulay local ring and let I\ and I2 be m-primary ideals 
in R. I2 has minimal multiplicity (resp. almost minimal multiplicity) with respect to I\ if for some 
minimal reduction (x^) of 1% 

Lemma 3.2. Let (R, m) be a Cohen- Macaulay local ring of positive dimension. Then I2 has 
minimal multiplicity (resp. almost minimal multiplicity) with respect to I\ if and only if for some 
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minimal reduction (x^) of I2, 



resp. e (h) - £ 



R 
hh 

R 
hh 



+ d 



+ d 



i=2 

d 



hi(C.,x d )(l,l) - 
^(C.,x d )(l,l) 



Proof. We have: 

(12) C(x d ,J> i;/2 ,(l,l)) :0^ f- X 

By Theorem 12. 21 we have we have 



1=2 



R\ (4-O 
A. 



0<f 



By _ _r_ 



^-"(D+B-D'CXf) - ^-/(^ r ) + D-i)'Wc;,^(i.i). 



Hence 
eo(i2) 



D-d 



i=2 



/»;(C'.-X,/)(l...l) - ' ( I 



1^2 



(Xd)Jl 



□ 



Example 13.31 reveals that hh = h(x-d) while eo(^2) — £(hh) + d £(R/h) > 1. Therefore, the 
results in |JVlj and [JV2] can be extended to ideals h % A if one takes into account the homologies 
H l (C.,x d )(l,l),i = 2,...,d. 

Example 3.3. Let R = k[x,y,z] m , where m = (x,y,z). Let h = (x 2 ,y 2 ,z 2 ,xy,xz,yz) and 
(X3) = (x 2 + yz, y 2 + z 2 + xz, xz + xy). Lei n > 4 and Ii = (x™, y 2 , z 2 , xy, xz, yz). Here (X3) is a 
minimal reduction of 1%, is generated by a superficial sequence and (X3) % I\. □ 



Using Lemma 12.101 and Lemma 13.21 one can verify that if (x^) C I\ for some minimal reduction 
of h, then I2 has minimal (resp. almost minimal) multiplicity with respect to 1% if and only if 

eo(h)-£( 1 ^-)+d-l(^)=0 



hh \I 



{resp. e (h)-i(^) + d.£^)=l) 



The following lemma is useful as it describes the vanishing of certain homology modules as well 
as describe the Hilbert coefficients of the fiber cone. 
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Lemma 3.4. Let (R, m) be a Cohen- Macaulay local ring of dimension d. Let h and I2 be m-primary 
ideals of R. Let (x<j) be a minimal reduction of h- 



(1) Suppose I1L2 = Ii(xrf). Then for all n > 1 

hi$ 



(Xd)/ll; 



n—1 



0. 



(b) (xd) n hi% = ( Xd )hl, 



(2) Suppose £ 



(Jlk_) =1 



n-l 
2 



(a) I ( ^2 — \ < x j n >x 

(b) For alln>l, 



(x d )niiif = 

/or some yi G ii and y 2 G I 2 



(xd)/^" 1 + (j/u/2) (x d ) : (y iy £) = (1) 
(Xd)/!^- 1 */ (x d ) : ( yi y£) C m 



Proof. (fTa|) follows from the definition. Using (fTa|) we get (x<j) n hlg = (x d ) n (xd)ii-T 2 
(x^JiJj -1 . for all n > 1. 



n-l 



To prove (|2a|) it is enough to show that for all n > 1 

(13) J 2 I 2 n = Mhir 1 + (yivZ), and my iy2 C (xd)/!^" 1 . 
Since £(hh/(x-d)h) = 1) there exists yi G h and y 2 G I 2 such that 

(14) hh = (x rf )Ji + (yiy 2 ) and myiy 2 C (x d )h. 

If n = 1, then we are done by our assumption. Let n > 1. Clearly (xd)ii/ 2 _1 + (yiy 2 ) C Ji/J then 
by induction hypothesis 

h^ = {hir l )h = (xd)/i/r 2 + {ywr l )h = {^wr 1 + (^r 1 )^ 

{yivr l )h c M/i/r 1 = (y 2 )((x d )/ 1 /r 2 + (yiyr 1 )) c (xd)Iiir 1 + (yiy£) 

(15) m( yi y%) = m(y 1 y 2 )(y 2 "- 1 ) C ((x^)^- 1 ) C (x^i?" 1 - 



This proves (|2aj) . 
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We now prove (|2b|h From (|2af) we have 

(16) (xd)n/iJ? = (xd) n (Mill?- 1 + (2/12/2)) 

= (x,)/!/™- 1 + (x d ) n ( yi y 2 w ) 

= (x d )/ 1 /r 1 + (y 1 ^)((x d ):(y 1 y 2 ")) 

Now two cases arise. 

Case (i) :(x d ) : (y iy £) = (1). In this case (x d ) n /il 2 n = (x^/ii?" 1 + 

Case (ii) : (x d ) : ( yi y™) C m. Then by ©, (x d ) nli/ 2 n C (x^Jii?" 1 + m( yi y") C (x^/xl™" 1 
by (H5]). This proves (f2b|). □ 

The homologies of the complex C(x c i,J r i 1] i 2 , (l,n)) and -D(x^, J r i 1] j 2 , (l,n)) for ideals of minimal 
multiplicity and almost minimal multiplicity do satisfy some nice interesting vanishing properties. 
We list them in this section. 

Proposition 3.5. Let (R,m) be a Cohen- Macaulay local ring, 1% and ^-primary ideals of R. Let 
x d € L2 be a superficial sequence for I 2 and I\ . Suppose (x^) C L\ . 

(1) Let J 2 be an ideal of minimal multiplicity with respect to L\. Then 

hi(D.,x d )(l,*) = 0, for all i> 1. 

(2) Let J 2 be an ideal of almost minimal multiplicity with respect to L\ . 

(a) For all n > 1, hi(D,, x^)(l, n) < 1. 

(b) //(xd) n/1/2 = (xd)/ aj tfierc ^(D., X(i )(l,*) = /or aft i > 2. 

Proof. It is enough to show that /ii(-D,,Xrf)(l, *) = [Theorem 12.4] . By Theorem I2.2t }2"]) and 
Lemma 13.4} for all n > 1, 

hfn \h ^M^if (xd) n hi? 
hT_{D,,Xd)(l,n) = =r = — — — r — — = 0, 

if I 2 is an ideal of minimal multiplicity with respect to I\. 

If / 2 is an ideal of minimal multiplicity with respect to Ji, then by Theorem l2.2l f2"]) and Lemma [37 
for all n > 1, 

(Xd)Jli 2 x rf ii7 2 
for some yi G L 1 and y 2 G J 2 . By flU]), m(?/iy£ n x d ) C myiy£ G (x d )iii£ _1 . 
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pbjl follows from Theorem [2J2]J2]) and Lemma HOD©, Proposition E3] and |RoV2l Theorem 4.2.1]. 

□ 



4. Comparing depth of Fi^h), Gi 1 (L 2 ) and G(I 2 ) 

Throughout this section we will assume that (x^) is a minimal reduction of I2 and (x<i) C L\. 
For all n > we have the exact sequence of complexes: 

(17) -> if(x3,J> i;/ J(n)^i3(x fc ,J> i; j a ,(l,n))^C'(x fc ,J> !l> (0 > n))-^0 

where K(xd°,J r j 1 -j 2 ) is the Koszul complex of the fiber cone F^fa) with respect to the sequence 
x d = x i' • • • ' x 2- We nave the corresponding long exact sequence of complexes: 

(lg) •••-»■ H i+1 (D(x d ,F,(l,n)))^ H i+1 (C(x d ,F,(0,n))) 

-> fli(if(xS,F/ 1 (Ja)))(n)-». fli(D(x fc> ^> 1! / a ,(l,n)))-». J?i(C(x fc , J> 2 , (0, n))) -> ■ ■ ■ ' 

Theorem 4.1 (Depth Lemma). Zei I\ and I2 be ideals in a local ring (R,m). //depth G(I^) < 
depth G h (L 2 ), then depth F h (I 2 ) = depth G(I 2 ) + 1. 

Proof. Use (fT7j) . Proposition 12.31 and Proposition 3.1 of |HMj . □ 

Using the results in this paper we generalize Theorem 4.4 of |JV2j and give a simple proof of 
Proposition 5.4 of | JV2| . 

Notation 4.2. Let s(x d ) := min{n\(x d )lil^ = 

Theorem 4.3. Let (R,Xtt) be a Cohen- Macaulay local ring, I\ an L2-primary ideals of R. Let (x d ) 
be a minimal reduction of I 2 which is generated by a superficial sequence. 

(1) Let L2 be an ideal of minimal multiplicity with respect to I\. 

(a) G i^h) is Cohen- Macaulay; 

(b) For all i = 0, . . . , d — 1, depth(F/ 1 (I2)) = i + 1 if and only if depth(G(l2)) = i. 

(2) Let I2 be an ideal of almost minimal multiplicity with respect to I±. Suppose (x d ) n I\I 2 = 
Ii(x d ). 

(a) For alii = 1, ... , d—2, depth((x^), Fj l (I2)) = i+1 if and only if depth ((x^), G(L 2 )) = i. 

(b) Fj t (L 2 ) is Cohen- Macaulay if and only if depth((xrf), G(I 2 )) > d — 1 and t(L\LV; + 
(x d )I^ l /(x d )I^ 1 ) = 1 for all n = 1, . . . , s(x d ). 



FIBER CONES 

Proof, (jlal ) follows from Proposition 13,51 (|lb|) follows form (jla[) and Theorem 14. 11 (1) . 
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Oil) follows form [RoV2j 4.2.1], Proposition [33] and Lemma EH 1) . 

We now prove (|2b[) . Applying Theorem 12.21 and Lemma 3.2 in |HM| to the above sequence we 
get 

• ■ • -> F 2 (C7(x d , G(J 2 )))(n) -> H x {K{x.%F h {I 2 ))){n) -+ ^ R |g "> ' ' ' • 

Thus we have the exact sequence 



tf 2 (C( X(i ,G(/ 2 )))(n) ffi^CxS,^^)))^) 



(x^/i/r 1 



2 



(/•„ \ rn — 1 p. t m\ 
1 7 2 , r * 2 =0. 
(x rf )IiJ 2 / 

Moreover for n = 1, . . . , s(x^), 



1 



/iff 



(xd)Jii?- 1 



V 2 " ^ +e f( Xd )ir 1 ni 1 i^ 



wr 1 



l{H x {K{*%F h {I 2 ))){n)). 



(T T n _i_ fx r n ~l \ 
1 !r» l 2 =L D 



5. HlLBERT COEFFICIENTS 



Throughout this section we will assume that (-R,m) is a Cohen-Macaulay local ring. Let / be 
an m-primary ideal of R. It is well known that for n 3> 0, the function H(n) := £(R/I n ) is a 
polynomial in n and we will denote by P{n). For a two dimensional Cohen-Macaulay local ring 
and an m-primary ideal J, Huneke gave a relation between A 2 [P(n) — H(n)] and the multiplicity 
of the ideal I which is known as Huneke's fundamental ( [Hunl Lemma 2.4]). This was generalized 
for an m-primary ideal in a d-dimensional Cohen-Macaulay local ring in [Hue] and for an Hilbert 
filtration in [HM] . 
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In [JV2|, Proposition 2.5], Huneke's fundamental lemma was generalized for the nitration T = 
{/1/2 }n>o f° r a t wo dimensional Cohen-Macaulay ring. We generalize Huneke's fundamental lemma 
for the filtration Jv i; / 2 and for any dimension d > 1 (Theorem I5.3|) . If we put / = I\ = I2 then we 
can recover Huneke's result as well as the result of Huckaba and Marley. 

For all n G Z let if^r (l,n) := i^R/IiI^) be the Hilbert function of J~i 2 and let Pfr , Ia (1 ; n ) 
denote the corresponding Hilbert polynomial. This polynomial can be written in the form 

d 



^ji^)=E(-i)w 1 (i 2 )( n+ ^:j- 1 ). 



We now describe the coefficients gij 1 (l2), <i < d. Our result is analogous to [Hue, Lemma 2.8, 
Proposition 2.9]. 

Proposition 5.1. Let I\ and I2 be m-primary ideals in a local ring (R,m) of dimension d > 1. 
Let (x,i) be a minimal reduction which is generated by a superficial sequence for I2 and L\. Let 
l<i<d. 

(1) A^ [Pjr^ (1,0)] =(-1)^(12). 

(2) gi, h (h)= E r! 1 )A d [P^ i;72 (l,n + l)-^ i;/2 (l,n + l)]+(-l)^^), U ;/ ie r e ^ 

n>i-l ^ ' \ */ 

R if i < d and = I\ . 

Proof. Let d > 1. If % = d, then we have A^P^ (1, 0) = A°P Tli . l2 (1, 0) = P^ (1, 0) = 
(—l)^^,/! (^2)- Now let i < d and let x € L2 be superficial for 7i and /2- If — denotes the image 
in R/x, then 

A^P^^O) = A rf — 1 [P^__(1,0)] = (-iy 9lTl (h) = {-lj gi , h {l2). 
This proves ([I]) 

We now prove ([2]). 

E b ! 1) A " C 1 ' " + !) - ^ (1, » + 1)] 

n>i-l ^ ' 

= (-ir 1 E Ad " +1 [^ 1 ;, 2 ( 1 ^ + 1 )-^ 1 , 2 ( 1 ^ + 1 )] EHl Lemma 2.7] 



n>0 



(-ij'a*-* [p^ Ji;J2 (i,o)-^ iiJ2 (i,o)] 

ft,/x(/2) + (-ir +1 A d ^ i;j2 (l,0) [ by ©]. 
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One can verify that 

A d -^ Iiil3 (l,0) 




□ 



Lemma 5.2. Let (R,m) be a Cohen- Macaulay ring of dimension d > 1. Let L\ and I2 be an 
m-primary ideals of R and (x^) be a minimal reduction of L 2 which is generated by a superficial 
sequence for I2 and I\. Then go, h (I2) = e (-^)- 

Proof. From Lemma 12.51 we get /ij(x^)(l, n) = for all i > 1 and for all n ^> 0. Since Hj?(l, n) is a 
polynomial Pj-(l,n) for all u>0, from Lemma 12.91 we have 

(19) g 0Jl (L 2 ) 

d-l 



lim^-l^T %^ iiJ2 (l,n - i) = e (I 2 ) - hm £ (-J^®) = e (I 2 ). 



i=0 

The last equality follows from the fact that (x^) is a minimal reduction of I 2 and hence L\L 2 = 
(xrf)Ii^" 1 for all n > 0. This proves the lemma. □ 

Lemma 5.3 (Huneke's fundamental lemma for J t j 1 -j 2 ). Let (R,m) be a Cohen- Macaulay ring of 
dimension d > 2. Let I\ and L 2 be an m-primary ideals of R and (x^) be a minimal reduction of L 2 
which is generated by a superficial sequence for L 2 and I\. For all n > 1, 

d 



A d [P Tli:l2 (l,n)-H Tli _ j2 (l,n)] = £ ( h**+J^ - ^(-l)%(C.,x d )(l, 



n) 



hP 2 l 



£(-l)%(C.,x d )(l,n). 



Proof. For all n > 0, A d [Pjr(l,n)] = goj.ih)- Now use Lemma 15.21 and Lemma 12.91 □ 

We are ready to describe the coefficients gij 1 {I 2 ) explicitly, in terms of the homology modules 
of the complex C(xfe, J7 1 ;j a , (l,n)). 

Lemma 5.4. Let (R, m) be a Cohen- Macaulay ring of dimension d > 1. Lei Ji and /2 & e m-primary 
ideals and (x^) a minimal reduction of L 2 which is generated by a superficial sequence for L 2 and 
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l\. Let 1 < % < d. We can write: 



(20) SijJl (/ 2 ) = E L_i 



Jl/2 "^ (Xd) ) - £(-l)%(a,x d )(l,n + 1) + (-!)<< (|Q 



(21) 



= E A 



V(x d )/i, 2 

where Ki = Rfor 1 < i < d — 1 and = Ji. 



-X)(-l) i /» J -(a,x d )(l,n + l) 



J>2 



Proof. The proof follows from Proposition 15. lt [2]) and Lemma 15.31 



□ 



A formula for gij^I-z) plays a very important role in analyzing the depth of Gj 1 (l2)- When 
( x <i) C Jj, we have nice formulas in terms of the homology modules. 



Lemma 5.5. Let (x<i) C L\. With the assumptions as in Lemma \5.J\ 

(22) g^Ah) = ^i( hI * ( + ( ; Xd) )-^(-iyh 3 (D., Xd )(i 

T T n 

(23) = J2 Bl 



n>l 



n-1 



£(-l)^(D.,X d )(l, 

i>2 



* - — 



Proof. Put £ = 1 in equation (|20p of Lemma 15.41 We get 



ra>l 

= E 



n>l 



hq + (x„) 



)-E(-d j 



3-1 



£ /ij (C. , x d ) (1, n) + £ /ij (C. , x d ) (1, n) 



71=1 



For all £ > 2, 



/ij(C.,x d )(l,n) 



hj(D„x d )(l,n) if n>j 



if 1 < ra < j - 1. 



Therefore, 



n>l 



In a similar way, we can prove (|23p . 



+ (Xrf) 

(**) 



£(-l)^ i (D.,X (i )(l,: 

3>1 



3=2 

R 
h 



□ 
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If (x,i) is a minimal reduction of L 2 and (x^) C I i} then we can give bounds on gij^h)- In |JV1|, 
Proposition 4.1] only a lower bound was given. We also give an upper bound. 

Proposition 5.6. Let (x^) C Jj. With the assumptions as in Lemma \5.4[ 

and equality holds if and only if G^fa) is Cohen- 



acaulay. 

(I I n \ ( R \ 
- — - — 2 — r I — £ I — I and equality holds if and only if depth Gj^{I^) > 
(x d )/i/ 2 / \hj 



Macaulay 
(2) 51 



d-1. 

Proof. The proof follows from Theorem 12. 7| Proposition 12.31 and Proposition 15.61 □ 
Corollary 5.7. Let (x^) C 7^. With the assumptions as in Lemma \5.4\ 



(1) gii 1 (I2) > —£{R/Ii) an d equality holds if and only ifGi l (l2) is Cohen- Macaulay andl\l2 + 
(x<i) = (x d ) /or a// > 1. 

(2) I ( — — ] > eo(/2) — gijiih) + £ ( 1 7"^ ^ ) equality holds if and only if Gi^h) 
and /1/2 + ( x d) = ( x d) / or all n >2. 

Proof. Both (1) and (2) follows from Proposition 15.6( 1). 

6. HlLBERT COEFFICIENTS OF THE FIBER CONE 

Throughout this section we will assume I± and I2 are m-primary ideals in a Cohen-Macaulay 
local ring (i?,tn)In this section we describe the Hilbert coefficients of the fiber cone in terms of the 
length of the homologies of the complex C(xfc, Ti x j^ and C(xfc, J 7 ^, (0, n)). 

Notation 6.1. We denote the Hilbert function (resp. polynomial) of the fiber cone by 
H(F h {h),n) = l(Jl^ [reap. P{F h (h),n) = ^(-l)Vvi(^) + * ~* 7') J ■ 



Remark 6.2. Since 
i 



1 2 \ „ ( R \ » I R 



J \ 1 1 I 2 J \ 1 2 

d-1 



^(-l) i [e m (/ 2 ) - g i+ x, h {h) + ei(I 2 ) - 9ijAh)\ (" + * * ') : 
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we have 



h,h{h) = e i+ i(I 2 ) - gi+ij^h) + eiih) - 9i,h{h) for all i = 0, . . . ,d - 1. 

Lemma 6.3. Let d > 1 and (x^) a minimal reduction of I 2 which is generated by a superficial 
sequence for L 2 and I±. Let 1 < i < d. We can write: 



n>i \ / 



in 



7i/J + (x d ) n 75 



^(-1) J [^(C.,x d )(0,n) - MC.,x d )(l,n)] 

3>1 



A,/ 1 (J a ) = X) 



/I/" 



n-1 
2 



(x d )Ji/ 2 " 



- [Aj (C., x d )(0, n) - (C.,x d )(l, n)\ 

j>2 



where Ki = 7? /or £ = 0, . . . , d — 2 and 7Cj_i ~ Ii 



Proof. The proof follows from (4.5) of [HM| and Lemma [5 



We give bounds for the multiplicity of the fiber cone. This is an improvement of HCPVl and HJVU 
Corollary 4.2]. 



Corollary 6.4. Let L\ and I2 be m-primary ideals in a local ring (R, m) of dimension at least two. 
Let (x,i) be a minimal reduction which is a superficial sequence for I\ and L 2 . Suppose (x<j) Q 1% 
and (x d ) n IiJ 2 = (x d )Ji. 

(1) /o,/i(^2) < ei(J 2 ) - e (i 2 ) + £ (^yy^J + ^ (~r) ~ ^ ~~ ^ (^~) equa ^ ty holds */ anrf 

on/y ifGi 1 (L 2 ) is Cohen- Macaulay and for all n>2, L\L^ + (x d ) = (x<j). 
/ /1/2 



(2)/0 , I , (/2) , ei( , ) _(^)_g(_^L ri ) +< (| 



and equality holds if and only 



if depth G 7l (/ 2 ) > d - 1. 



Proof. By Remark 16.21 and Proposition 15.61 we get 

k,h{h) = ei(J 2 ) - 9i,h{h) 

'hi? + (x d ) 



< e X (/ 2 )-x; 



n>l 



f /l/ 2 
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Using Lemma 12.101 we get: 



If equality holds if and only if g\ i^h) = ( 7~ ^rl ) — ^ ( 7~ ) an d -£1/2 + ( x d) = ( x d) f° r an n>2. 

\{X-d)hJ \hj 
Now apply Proposition I5.6f 1), This proves (H|). 



Once again by Remark 16.21 and Proposition 15.61 we get 
h,h{h) = ei(/ 2 ) -gi,h(h) 



^^)- S (^) + <(f'i. 



Applying Proposition 15.6( 2) we conclude that equality holds if and only if depth((xd), G^ (Ji)) > 

Corollary 6.5. VKii/i t/ie assumptions as in Corollary \6.4\ we have: 

(1) If f 0A (l 2 ) = ei (I 2 ) - e (I 2 ) - £ (J^j -if^\-(d-l) (j\ then for Q< depth G h (I 2 ) 
<d-l, depth F h (I 2 ) = depth G Xl (J 2 ) + 1. 

(2) Ifh, h (h) = ei(h) ~ ((^) " E ( ( yfn-l ) +£ (I)' ^/° r0 < ^(ij,) < 
d-2, depth F 7l (/ 2 ) = depth G h (I 2 ) + 1. 

Proof. The proof follows from Corollary 16.41 and by Theorem 12.31 and Theorem 14.11 □ 

7. HlLBERT SERIES FOR IDEALS OF MINIMAL AND ALMOST MINIMAL MULTIPLICITY 

In this section we describe the Hilbert series of the fiber cone for ideals of minimal multiplicity 
and ideals of almost minimal multiplicity. 

Notation 7.1. 

i = 0,1. 



n>0 n>0 \ 1 2 / 

H{F h (I 2 ),t) = J2 H ( F h(l2),n)t n . 



n>0 
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Recall that s(x d ) := mm{n\(x d )lil% = Ii/ 2 +1 }- 

Theorem 7.2. Let (R,xn) be a Cohen- Macaulay local ring of dimension d>l. Let I 2 be an ideal 
of minimal multiplicity with respect to 1%. Let (x<f) be a minimal reduction of 1% and assume that 
(Xd) CIl 

fll „ (1 . ) = £(R/h)-t[e(R/h)-e (I 2 )] 
V ) Fi i: i 2 \ 1 ) (1 — t)^ 

(2) giJl {h) = eo(J 2 ) - £ (f ) . For 2 < i < d, g i>h (I 2 ) = 0. 
H(F (n f , _ Wh) ~ t [t{R/h) - e (/ 2 )] 

(4) h, h {h) = ei(I 2 ) - e (I 2 ) +^ (|) ■ ^or 1 < * < d- 1, / iiZl (I 2 ) = e m (/ 2 ). 

Proof. Prom Theorem 12.21 Lemma 13.41 and and Theorem 15.31 by induction on n we get 

(24) ^d,»)-*(6)("^ " [«.<«-<(£)] ("I^ 1 )- 

Summing over all n > we get (1) and (2). (3) and (4) are an immediate consequence of (1), (2) 
and Remark 16.21 □ 



To prove Theorem 17.41 we need the following combinatorial lemma: 

Lemma 7.3. For all n > s and for all d > 1 we have: 

d 



(n — s + d— l\ v-^. + fn + d — i\ 



Proof. The proof follows by induction on d. The case d = 1 can be verified easily. If d > 1, then 

n - s + d - l\ _ /n+l-s + d-l\ /n + l- s + d-2 
d J ~ { d J~{ d-l 

- D-<r)(" + i-?"0-&-<? i )(" + ;-^ 1 " 8 



Theorem 7.4. Lei (i?, m) 6e a Cohen- Macaulay ring of dimension d > 2. Lei 7i and J 2 6e an 
m-primary ideals of R and (x^) G I 2 ^ e a minimal reduction which is a superficial sequence for I\ 
and I2. Assume that (x^) Q I\ and (x^) n ii/ 2 = /i(x^). 
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{1)H M= tjm^m^^ + ts+1 



(2) QijSh) 



(i - IY+ 1 

i = 2 d 



(i - ty+t 



(Q\ TTfrp (j s + \ _ t{R/Ii)~t[l(R/h)-e a {I 2 )\ f+i tt fn j.\ 



(4) k h {h) 



ei{h)-e Q {h)+l[f)-s i = Q 

e i+1 (J 2 ) - ( S + X ) i = l,...,d-l 



Proof. Put s = s(xrf). Then from Theorem 12.21 Lemma 13.41 and Theorem 15.31 



For all n > s + 1 we have 
Hr Zl . Ia (l,n) = eo(Ja) 



[eo(/ 2 ) - 1] 



/n+d-l^i 



< n < s 



[e (/ 2 ) - 1] rn + / m r/T 1 ) + r-i s+i) ) « > s + 1 



n + <i 



e (/ 2 ) - 1 



+ (* + !) 



+ E(-!) J 



i>2 



s + 1\ f n + d — i 
d — i 



This proves (2). (3) and (4) are an immediate consequence of (1), (2), Remark 16.21 and Lemma 17.31 

□ 
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